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On the Hodge structure of degenerating 
hypersurfaces in toric varieties 

At sushi Ikeda 


Abstract 

We introduce an algebraic method for describing the Hodge filtra¬ 
tion of degenerating hypersurfaces in projective toric varieties. For 
this purpose, we show some fundamental properties of logarithmic 
differential forms on proper equivariant morphisms of toric varieties. 


1 Introduction 

The method for describing Hodge filtration by using polynomials originated 
in the study of hypersurfaces in projective spaces by Griffiths [Zj The theory 
is extended to the case on hypersurfaces in simplicial projective toric varieties 
by Dolgachev [5|, Steenbrink [T3] .. Batyrev and Cox [T|. The purpose of 
this paper is to apply their idea to degenerating families of hypersurfaces in 
projective toric varieties. 

Let 7r : P —» A be a proper surjective equivariant morphism of toric 
varieties over an algebraically closed field k. Here we assume for simplicity 
that P is nonsingular, A is an affine space A = Specfcffi,... ,t m ], and the 
characteristic of k is 0. Let X be a hypersurface in P. In the case when i r is 
flat and geometrically connected, i r gives a trivial fibration of a nonsingular 
complete toric variety over the open torus of A, and degenerated fibers appear 
at the outside of the open torus. Hence we can consider X —> A to be a 
degenerating family of hypersurfaces in the complete toric variety. We define 
a Jacobian ring for the family, and describe the Hodge filtration of the family 
by using the Jacobian ring. 
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We denote by Di,..., D s all prime divisors invariant under the torus 
action on P. The homogeneous coordinate ring of P is defined in [2J as a 
polynomial ring Sp = k[z\, ■ ■ ■ ,z s ] which has a grading valued in the divisor 
class group Cl (P); 

deg^ = [Di] £ C1(P). 

We can assume that Tr{Df) = A for 1 < i < r, and tt (Dj) is contained in the 
divisor {H • • • t m = 0} for r + 1 < j < s. The hypersurface X is defined by a 
Cl (P)-homogeneous polynomial F G Sp. Then we define the Jacobian ring 
of A" over A by 

dF OF 

which is a Cl (P)-graded k[ti ,..., t m ] -algebra. For (3 G Cl (P), the degree (3 
part of Rx/a is denoted by R%/ a , which is a finitely generated k[ti,, t m ]~ 
module. 

The Hodge hltration of the degenerating family is defined by using the 
sheaf of relative logarithmic differential forms, so we consider the situation 
above with logarithmic structure jUj. We define a logarithmic structure on P 
by the divisor E = ^ J s =r+1 Dj, and define a logarithmic structure on A by the 
divisor {t\ - ■ - t m = 0}. Then tt is a logarithmically smooth morphism, and 
the logarithmic structure of the general fiber is trivial. The sheaf of relative 
logarithmic differential p-forms is denoted by 0Op/ A , which is a locally free 
Op-modules. We define a logarithmic structure on X by the restriction of 
the logarithmic structure on P. The next theorem is our main result, where 
we need not assume that tt is flat and geometrically connected. 

Theorem 1 (Theorem 14.41) . If X is ample and logarithmic smooth over 
an affine open subvariety U = SpecA[/ of A, then for 0 < p < n — 1, there 
is a natural isomorphism of Ajj- modules 

(logA')) ~ A„ ® l|t ,. tm] 4 /a )X ' D| . 

where n = dim P — dim A, P/y — U x A P and D = ^fff i=1 D 

If m = 0, then P is a nonsingular complete variety, and the logarithmic 
structure on P is trivial. For an ample smooth hypersurface X in P. the 
isomorphism in Theorem |l] is 

H n ~p~ i( P , ^ +1 (log A)) ~ R [ jp ~ p)x ~ D] . 
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This is proved in J], so Theorem [T] is a generalization of the result by Batyrev 
and Cox. 

In the case when P —» A 1 x P n is the blowing up along a point, and n is 
defined by the composition with the first projection to A 1 , the logarithmically 
smooth family Xjj —» U is a semistable degeneration of hypersurfaces in 
P n . This example is studied by Saito in B2. which is the first work for 
describing the Hodge filtration of degenerating hypersurfaces by using the 
Jacobian rings. 

The key of the proof of Theorem |T] is the following two fundamental 
property for the sheaf of relative logarithmic differential forms on P. The 
first property is a generalization of the Bott vanishing theorem: 

Theorem 2 (Corollary 13.81) . If C is an ample invertible sheaf on P, then 
for p > 0 and q > 1, 

H q (P, ajp /A Cg>e> p C) = 0. 

The second property is a generalization of the Euler exact sequence: 
Theorem 3 (Theorem 13.111) . There is an exact sequence of O-p-modules 

r 

0 —> 4 /a —> 0 Op(-Di) —> Op ® z Cl (P \ E) —> 0. 

i =1 

We prove Theorem [21 and Theorem El by using the Poincare residue map 
for the sheaf of relative logarithmic differential forms, that is the idea of 
Batyrev and Cox [T]. 

This paper proceed as follows. In Section[21 we consider invertible sheaves 
on a toric variety with a proper equivariant morphism to an affine toric 
variety, and we give a characterization of base point freeness or ampleness 
of the linear system by the terminology of the support function on the fan. 
In the case for invertible sheaves on a complete toric variety, this is a well- 
known fact. In Sectional we introduce the logarithmic differential forms on a 
simplicial toric variety with an equivariant morphism to an affine toric variety. 
Under some assumption for the singularity of the simplicial toric variety, that 
is caused by the characteristic of the base field, we construct the Poincare 
residue map for the sheaf of relative logarithmic differential forms. Using 
the Poincare residue map, we prove the Bott vanishing theorem and Euler 
exact sequence. In Section 01 we consider hypersurfaces in a nonsingular 
toric variety with a logarithmically smooth proper equivariant morphism to 
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an affine toric variety. We define the Jacobian rings for hypersurfaces over the 
affine toric variety, and prove the main result for describing the cohomology 
of the sheaf of relative logarithmic differential forms by the Jacobian rings. 

2 Invertible sheaves on toric varieties 

First we introduce basic notation used in this paper, and then give some 
properties of invertible sheaves on a toric variety with a proper equivariant 
morphism to an affine toric variety. We refer to B] and m for terminology 
and basic facts in toric geometry. 

Let N be a finitely generated free Z-module. We denote by Ar the R- 
vector space R N, denote by M the dual Z-module of N , and denote by 
( , ) : Mr x iV R —> R the canonical bilinear form. Let a be a strongly convex 
rational polyhedral cone in Ar. The dual cone of cr is defined as 

cr v = {u G Mr | (u, v) > 0 for any v G cr}, 

and we denote by A„ = Spec k[M n cr v ] the affine toric variety associated to 
a over an algebraically closed field k. Let E be a finite fan of strongly convex 
rational polyhedral cones in A R . We denote by E = (J s a the support 
of E, and denote by Ps — Uo-eS ^ 0 - the toric variety associated to E over 
k. Then the algebraic torus Tjv = Spec/c[M] is contained in Ps as an open 
subvariety, and Tjv acts on Ps as an extension of the translation of T ; y. For 
u G M, the corresponding character 

X u : Tat —> G m = Specfc[Z] 

is considered to be a rational function on P^. 

We denote by E(r) the set of all r-dimensional cones in E. For r G S(r), 
we define a free Z-module by N T = N/(N n 7r), where r R is the subspace of 
Ar generated by r over R, and we define a set of subsets in N Tt r by 

E r = {[cr] T | cr G E and cr D r}, 

where [a\ T is the image of cr by the natural homomorphism 

W R —> N Ti r; v i—> [u] r . 

Then E r is a hnite fan of strongly convex rational polyhedral cones in W r, 
and the associated toric variety Ps T can be considered a T/v-invariant closed 
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subvariety of codimension r in Pv. The closed immersion i r : Ps T —> Pv is 
induced by 


t* : k[M] 


k[M r \; x* 



(u G M fl r- 1 ), 
(u(£Mn r- 1 ), 


where x“ '■ T» t — 1 ► G m is the character corresponding to u G M r = M fl r -1 . 

Let B = X)pes(i) b e a Tat invariant Weil divisor on Ps- We define 

a convex subset of Mr by 


Ag = {a e Mr | (u, v) + b p > 0 for any v e |E|}. 

Then there is a natural isomorphism 

ff°(P & Or E (B))~ 0 k- X "- 
ueMn a b 

Let h : |E| —> R be a E-linear support function. We define a Tjv -invariant 
Cartier divisor on P s by D h = — X] p es(i) k(v p )P^ p , where v p is the generator 
of the monoid p fl N. 

Let N' be another finitely generated free Z-module, and let 7r* : N —> N' 
be a homomorphism of Z-modules. We denote by 7T*r : IVr —> N ^ the 
R-homomorphism induced by 7r*, and we denote by it* : M' —> M the 
dual homomorphism of 7r*. Then 7r* induces a homomorphism of algebraic 
tori 7r 0 : > Tat/. If a strongly convex rational polyhedral cone o' in 

N ^ satisfies the condition |E| C Mr( 0 ' / )) then 7r* induces an equivariant 
morphism of toric varieties 7 te,^ : Ps — 1 ► A CT /, which is an extension of 7To. 

Remark 2.1. The morphism 7Ts )0 ./ is proper if and only if |E| = 7 Cr(ct'). 

Remark 2.2. If is a proper morphism, then |E| is a convex subset in IVr. 
Conversely, if |S| is a convex subset in TVr, then we can find a free Z-module 
A', a surjective homomorphism 7r* : N —> AT', and a strongly convex rational 
polyhedral cone ex' in fV-^ satisfying |E| = 7r^(cr'). 

Theorem 2.3. Let Py; be a toric variety, let A a > be an affine toric variety, 
and let tt : Ps —> be a proper equivariant morphism. For a 'E-linear 
support function h, the following conditions are equivalent: 

(1) Op s (D h ) is generated by global sections; 
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(2) 0 Ps (D h ) is n-nefl 

( 3 ) h is upper convex, i.e. for any vi,v 2 G |£|, 

h(v i + v 2 ) > h(v i) + h(v 2 ). 

Proof. (1) (2). Let C be a complete integral curve in a fiber of 7 r. We 

denote by C the normalization of C , and denote by 1 the morphism from 
C to P s . Since 0 Ps (D h ) is generated by global sections, i*0 Ps (D h ) has a 
non-zero global section, so the intersection number is 

(D h . C) = degi*O Ps {D h )>0. 

(2) =>■ ( 3 ). The morphism tt is defined as 7 r = 7 Tz, a ' by a homomorphism 
7r* : A —> A'. We denote by N" the image of 7 r*, and define a strongly 
convex rational polyhedral cone in A^ by a" — o' fl AThen 7 r is factored 
to a proper surjective morphism '■ Ps —*► A a ", and a finite morphism 

A ff » —> A a r. We denote by s the dimension of the convex subset 

l s l = T7 r(V) = TTrK) C A r , 

and define a subset of S(s — 1) by 

S(cr ,/ , s — 1) = {r G £(s - 1) j 7 t* r (t) fl Int(cr") ^ 0}, 

where Int(<T ,/ ) denotes the relative interior of o". For r G £(< 7 ", s — 1), there 
exist exactly two cones <r + , a_ G £(s) containing r. Then 7 T^y o l t : P St — > 
A a n gives a PLbundle over the closed T^-orbit T N » r/ = Spec/cfM" fl cr ,/J -] 
in A ct //, and Ps CT+ and Ps (T _ become the 0-section and the oo-section of the 
P 1 -bundle. Let 0 G be a h-rational point. We denote by Ps T ,o the 

hber of TT^y o l t at 0. Then Ps T ,o is a nonsingular rational curve in a fiber 
of 7 r. Since p_ = [cr_] T is a 1-dimensional cone in A T; r, for v G \ r, a 
positive real number a*, is determined by 

Hr = a v v p _ G p- C A T , R = Ar/tr. 

For a G £(s), we denote by M ff G M a linear function which coincides with h 
on a. Then we have an equation 

(■ D h . P Sr ,o) = — ((u a+ ,v) - h(v)) 

Ci v 
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for any v G cr_ \ r. Since Op E (D fc ) is 7 T-nef, we have 


(u a+ ,v) > h{v) 


( 2 . 1 ) 


for any v G cr_. 

Next we prove (EH) without restriction about cr + and v. For a G £(s) 
and v G E|, there exists a vector w G Int(cr) such that 

L{w , v) = {(1 — f)u> + tv G A r R | 0 < t < 1} 

does not intersect with (J r es(s- 2 ) r - Then (J reS(cr „ s -i) r divides L(w,v ) into 
finite pieces, and we define vectors w 0 ,... ,wi G 1V R by 

L(w,v)n [J T = {w U . . 

rSS(fr",s—1) 


and 

Wj = (1 - + ijt) (0 = t 0 < tx < ■ ■ ■ < < ti = 1). 

For 1 < i < 1, there exists a unique cone cq G E(s) such that G 07 . 

We note that w = wo, u = ruz and a — a\. Since 

h(wi) = {u ai ,Wi) = (u ai+1 ,Wi) (1 < i < l - 1 ), 


we have 


z-i 

(u a ,v) = {u ai ,v) + 

Z=1 

= h( v ) + ~ u <n+i, , 1 w i+ 1 + ^ +1 _ ] ,Wi) 

■ ^ ^z +1 ^z ^z +1 ^ 

^ 1 -h; 

= M u ) + 7- ± r{(u tn ,w i+ 1 ) - /i(w i+1 )). 

• ^Z+l 

By using ED for cr + = Uj and cr_ = 07 + 1 , we have 

(u ai , w i+ i) > h(w i+ 1 ) (!<*</-!), 


hence 

(u a ,v)>h(v) ( 2 . 2 ) 
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for any a G E(s) and v G |E|. 

For Vi, v 2 G |E|, there is a cone a G E(s) such that V\ + v 2 G er. By (12.211 . 

h(v i + v 2 ) = (u a ,v i + u 2 ) = (u a ,vi) + (u a ,v 2 ) > h(vi) + h(v 2 ). 

(3) =>■ (1). For a G E(s) and v G |E|, there exists w G a such that v + re is 
contained in a. Because h is upper convex, we have 

(u a , v) = ( u a , v + w) — (u CT , w) = h(n + ru) — /i(w) > h(v), 

so x UrT gives a global section of Op s (D h ). Since P s = Uo-en(s) and 
generates r(A ff , Op s (E)h)) over fc[M fl <r v ], the invertible sheaf Op s (Dh) is 
generated by global sections. □ 

Theorem 2.4. Let Pe be a toric variety, let A a > be an affine toric variety, 
and let tt : P^ —> be a proper equivariant morphism. For a E -linear 
support function h, the following conditions are equivalent: 

(1) Op s (Dh) is ample; 

(2) Op^(D h ) is tt- ample; 

(3) h is strictly upper convex, i.e. for any v\,v 2 G E|, 

h(v i + v 2 ) > h(v i) + h(v 2 ), 

and equality holds if and only if there exists a cone a G E such that 
Vi,v 2 G a. 

Proof. The equivalence of (1) and (2) is well-known for any proper morphism 
to an affine scheme. 

(2) =t (3). In the proof of Theorem 12.31 (2) (3), if Op s (Dh ) is 7T-ample, 

then (D h . Pe t ,o) > 0, hence (u a+ ,v) > h(v) for any v G cr_ \ r. This implies 
that (u cr ,v) > h(y) for any a G E(s) and v G |E|, and equality holds if and 
only if v G er. 

For vi,v 2 G |E|, there is a cone a G E(s) such that v\ + v 2 G a. If 

h(v i + v 2 ) = h(v i) + h(v 2 ), 


then 

((Ua,v i) - h{v i)) + {{u a ,v 2 ) - h{v 2 )) = 0. 


So we have (u a ,v i) = h{yi) and (u a ,v 2 ) = h(v 2 ), which mean Vi,v 2 G cr. 

(3) (1). Let £ be a coherent 0p E -module. We show that there exists 

a positive integer m 0 such that £ ®e> Pv Op s (mDh) is generated by global 
sections for any integer m > mo- We may assume that £ = Op^(B) for a 
T 7 v-invariant Weil divisor B = L] p ge(i) ^pPs P ’ because by fTO], there exists 
a surjective homomorphism @' =1 Op s (Bj) —> £ for some T^r-invariant Weil 
divisors B i,..., B r . 

For a G S(s), we fix vectors u a) i, ..., u a , Crr G M such that y^ 1 , .. ., y“ CT ’ CCT 
generate r(A a , Op^(B)) over k[M D cr v ]. Since h is strictly upper convex, 
for a G E(s) and p G E(l), we have (u a ,v p ) > h(v p ), and if v p ^ a, then 
( u a ,v p ) > h(v p ). And if v p G a, then (u a ^, v p ) + b p > 0. Hence there exists 
a positive integer mo such that for any a G £(s), for any 1 < i < c a and for 
any p G £(1), 

m 0 ((u a ,v p ) - h(v p )) > -b p - (u a p,v p ). 

Then we have 

{u a ,i + mu a , v p ) > -b p + mh(v p ) 

for any m > mo, and this means that x u ' T ’ i+mu,T is a global section of the 
coherent sheaf Op s (B + mDh)- Since x v “ T ’ 1+mu ' T , ■ ■ ■, x UrT ’ CrT+rnu<T generate 
r( A ff , Op s (B + mD h )) over k[M D <r v ], the coherent sheaf Op^(B + mD h ) 
is generated by global sections. □ 


3 Log differential forms on toric varieties 

We introduce the sheaf of relative logarithmic differential forms on a toric 
variety with an equivariant morphism to an affine toric variety. 

Let P = P s be a toric variety, let A = A a ’ be an affine toric variety, 
and let 7r = 7Ts lCT ' : P —> A be an equivariant morphism, which is given by a 
homomorphism 7r* : A —> A' with |E| C tArIV)- For r G £(r), we denote 
by P r the corresponding Tat- invariant subvariety Ps T - We define a subset 
of E(r) by 

E w (r) = {t G E(r) | r C tt^(0)}. 

If r G E 7r (r), then 7r T = 7r o l t : P r —» A is an equivariant morphism induced 
by 

N t —> A'; [v] T I—> 7 r*(v). 

We denote by E reg the set of all nonsingular cones in E, and denote by 
j : P reg = Py;reg —*■ P the natural open immersion. We define TV-invariant 
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divisors on P by 


'*>= E p p. 

PGStj- (1) 

E = E 

pGS(l)\E7r (1) 


(3.1) 


which are divisors with normal crossing on P reg . 

Let cr be a cone in E reg (c), and let (vi,..., v ( i) be a Z-basis of N with 


I cr = TL> 0 Vi H-b R> 0 u c , 

G tt- 1 (0), vi +1 ,...,v c (£ tt^O). 

Then we have 


(3.2) 


A ct = Spec k[M fi cr v ] = Spec k[x i ,... ,x c , xf ^,..., x^ 1 ], 

A ct D D = Spec/c[xi,.. ..■, x^ 1 ]/^! • • -x/), 

Act n E = Spec k[xi ,..., x c , x^,... ,x^]/(x ;+ i • • -x c ), 

where x, = \ Ui for the dual basis (ui,..., u c i) of (ly,..., u d ). We define a free 
k[M fl cr v ]-module by 

l d rl 

= ^aA 1o S e ) = 0) n a v ]dxj © 0 k[M riff v ]-^, 

j =i i=*+i J 

which is naturally contained in the free k[M fl <r v ]-module 


(log D) = (log DUE) — 0 k[M fl a v ; 

3 =1 


dx.j 


Xi 


We denote by cap reg C u)preg(log-D) the sheaves of C>pre g -modules defined 
by k[M fl <r v ]-modules C (logD) for cr € E reg . Then we have an 
isomorphism C>pre g © z M ~ capreg(logZl) by 

(IT ■ 

/c[M n u v ] © z M ~ ca A(j (logR); 1 © Uj < —>— 

Xj 

We denote by aip reg/ , A (logR) the cokernel of the homomorphism 

^Opreg : Opreg, © Z M' - » Opreg © Z M ~ (Upreg (log D ) . 
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Since the image of 7r£, preg is contained in u p reg , we denote by ^p reg / A the 
cokernel of 7To preg : Opreg ® z M' —> cnp reg . We define a coherent sheaf on P 
by ^p/a = j*(A ?t,; pre g/ / A ), which is a submodule of the free Op-module 

p 

cUp/A^ogO) = j*o;p reg/A (logO) ~ Op y\ 

where denotes the cokernel of 7 T k '-k M 1 —> k M. The sheaf 
tDp/A is the sheaf of relative logarithmic differential p-forms of Zariski. In 
the paper [T] , it is simply denoted by i?p for the case A = Specfc. 

Remark 3.1. The shaves n;p reg / A and o;p^ A (logO) are interpreted as sheaves 
of relative logarithmic differential forms in the sense of logarithmic geome¬ 
try 0. If we consider P reg with the logarithmic structure A/"pre g defined by 
the divisor E with normal crossing, and consider A with the canonical loga¬ 
rithmic structure A/" A an as a toric variety, then the sheaf Up reg / A is the sheaf 
of differential forms on (P reg , A/pUg) over (A,A/" A an ). If we consider P with 
the canonical logarithmic structure A/"p an as a toric variety, then the sheaf 
(Up/AQog-D) is the sheaf of differential forms on (P,A/"p an ) over (A, A/" A an ). 

We describe sections of the sheaf a)p/ A by the following explicit way, that 
is the idea in _3j. For u G M and a G £, we define a subset of £^(1) by 

0-7r,u=o(l) = {pe £*(1) | {u,v p ) = 0 and p C a}, 

and define a fc-snbspace of M^ k by 

H&,u = {w <E M n>k | (w, 1(g) v p ) = 0 for any p G a^ u=0 { 1)}. 

Lemma 3.2. For a G £, there is a natural isomorphism 

UA„£J/a)- ® A 

u£Mr\(7 v 

Proof. The isomorphism is induced from the natural isomorphism 

p p 

r(A a ,cu^ /A {\ogD)) ~ T(A ct ,C>p) /\M w , fc ~ 0 f\M^ k - X u . 

u£Mr\a v 

First we assume that a G £ reg . We use a Z-basis (ui,..., vf) of N satisfying 
dH and the dual basis (ui,..., uf) of M. There exists a fc-basis (up,..., w n ) 
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of M nk such that for 1 < i < l, the vector uy is the image of 1 ® Ui by the 
natural homomorphism k ® z M —> and r(A ff , <^pre g / A ) corresponds to 

the k[M fl cr v ]-submodule H a C © ueMno .v Mn,k • X u generated by 

WlX U \ ■ ■ -,WiX U \Wi + ix°, • • .,w n x°. 


For a subset / = {A ,... ,i p } C {1,..., n} with < ■ ■ ■ < i p , we dehne an 
element in M by uj = n an d dehne a vector in /\ p M^.k by 

wj = w h A • • • A w ip . (3.3) 

Then ( wj ; |/| = p) is a fc-basis of /\ p M^, and ( wi \ Ul ; |/| = p) is a fc[Mn<j v ]- 
basis of /\ P H a . For u E M fl cr v , we dehne a subset of {1,, /} by 

J u = {j E {1,.. .,1} | (u.Uj) = 0}. 

Then {wj\ |/| — p, I fl J u = 0) is a fc-basis of /\ p H au . If 

_ p 

u = ^ ^ au,i r w I x u G GB /\ • X u (a U] / G fc) 

w£.MncF v |/|=p wGAfri(J v 

is contained in /\ p H„, then a; = S /= | p |(S, ueMno .v for some 

bi iU G fc, so we have 


Q"u,i 



,U—Uj 


(u — Uj G (T V ) 
("U — llj (ji < 7 V ). 


If u — Uj E cr v , then / fl J u = 0, hence ^|ji p a u jWi G /\ p H (JU . Conversely, 
if / fl J M = 0, then we have u — Uj E <7 V , hence 


WIX U = X U ~ UI {WJX UI )E [\H a . 


So A P #<7 coincides with ® ueMnffV f\ P H a>u ■ x u for a E £ reg . 
If a E E is not a nonsingular cone, then we have 


/"( Act, CUp/ A ) 


= f(A ff nP re >^ r6g/A ) 


n r < A - 


UJ- 


preg /A 


), 


r£ff re 8 


where <r reg denotes the set of all nonsingular faces of a. Since a v = P| reo .re g rV > 
and /\ p H^ u = p| reo . reg /\ p H TyU for u E cr v , the isomorphism in Lemma 13.21 is 
proved for any a E £. □ 
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Next we define the Poincare residue map for the sheaf uip/ A . For this 
purpose, we need some assumptions for the fan E. For a G E, we define a 
positive integer by 


m(a) = ord (N D cr R / ^ Zv p ), 

PGcr(l) 

and dehne a positive integer by m( E) = ri 0 -GS m ( (T )- We assume that the 
fan E is simplicial, and assume that m(E) is prime to the characteristic of k. 
For r G E 7r (r), we dehne a k -homomorphism by 

r 

<\) T : !\ M Vik —* k\ Th A • • • A rj r i—» det {(r) u 1 (8) Uj))i<i< r ,i<j<r, 

where we fix an ordering 

{vi ,..., v r } = {v p G N | p G S 7r (l) and p C r}. 

The homomorphism 0 r is depend on the ordering, but it is determined mod¬ 
ulo ±1. For a G E and r G S 7r (r) with r C <x, we dehne a homomorphism 
by 


p—r 


p—r 


< hfj,r : /\ /\ ^cr,u • X^ 


nGMn<T v 


Tj 8) tax 


® A ■ * 

uGMncr v nr x 

4>t{ji)wXt ( u e r± ), 

0 (u ^ r- 1 ). 


Since m(E) is prime to the characteristic of k, for u G MDcAnr 1 - ~ M r n[(x]^, 
there is a natural identification 


#<r,u -{wG (M r ) 7rT)jt I (w,l® Up) = 0 for any p G ([a] r )^ >u=0 (l)}, 
so f h^ r gives a homomorphism 

-F(A ct , cap /A (log D) ® 0p — r(A cr n P T ,^ A ). 

We denote by 


<P r : n;p /A (log D) ® Qp ca£ /A 


~p—r 
l t* w p t / A 
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the homomorphism of sheaves defined by for cr G E, and define a homo¬ 
morphism by 


$= 0 <F r : Wp /A (logD) <g> 0p cu 

re S T (r) 


p—r 

P/A 


© 

reS^(r) 


~p—r 

L t* uj p t /A' 


Lemma 3.3. The kernel of the natural homomorphism 

/a (lo§ T)) 0 Op u5£^ —* Wp /A (logD); TJ <g> w I—o)Aw 
zs contained in the kernel 0 /$. 

Proof. Let a be a cone in E, let u be an element in M n a v , and let 
(u>i,..., be a fc-basis of such that (iui,..., w s ) is a fc-basis of H a)U . 
For / C {1,... , 71 } with |/| = r, and for J C {1,..., s} with \J\ = p — r, 
vectors wj G /\ r M n k and wj G f\ p ~ r H au are defined by the same way as 

(HOI) . If 

w = E E apjwi <E> wj (apj G k) 

\I\=r \J\=p—r 

is contained in the kernel of the natural homomorphism 

r p—r p 

f\ M n>k ® k f\ H^ u —> f\ 
then for L C {1,..., n} with \L\ = p, we have 

s S n (E J ) a i,J = °> 

IUJ=L 


(3.4) 


where sgn (/, J ) is defined by Wj A Wj = sgn (/, J)wl■ For r G E 7r (r) with 
r C c, we have to prove < F ovr ('w;x“) = 0. In the case u £ r x , it is clear, so we 
assume that u G tE Let / C {1,..., n} be a subset satisfying |/| = r and 
0r(wj) E 0- Then we have / D {1,..., s} = 0, because (wy, 1 (g) u) = 0 for 
1 < i < s and v G N fl tr. By (13.41) . we have a.j,j = 0 for any Jc{l,...,s}, 
hence 

$aA W X U ) = ^2 a I,j4>r{wi)wjXr = 0 - 

\J\=p—r \I\=r 

□ 
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We denote by W r Up, A {\ogD) the image of the natural homomorphism 

(Up /a (log D) (8 ) 0p uj^~f A —> ^p/ A (l°g D). By Lemma 13.31 the homomorphism 
$ induces a homomorphism 


Res: W r ul /A (\ogD) — ® t 



reS^(r) 


which is called Poincare residue map. The Poincare residue map has the 
following fundamental property like the case on i?p by [3] or [3J. 

Theorem 3.4. Let A be an affine toric variety, let P = be a simplicial 
toric variety such that m(£) is prime to the characteristic of k, and let tt : 
P —> A be an equivariant morphism. There is an exact sequence of Op- 
modules 



TGE,r(r) 


Proof. We check this on the affine coordinate A ff for cr G E. First we prove 
that the Poincare residue map is surjective. Let r C o' be a cone in E-^r) 
and let Vi, ..., v c G N be satisfying 


{ui, • • •, v c } = {v p | p G E(l) and p C a}, 
{ui,..., vi} = {v p | p G E^l) and p C a}, 
{Vi,..., V r } = {v p I p G £„-(!) and p C r}. 


Since m(a) is prime to the characteristic of k, the vectors ..., 1 are 

linearly independent in where W.fe denotes the kernel of 7r*fc : k®%N —> 
k <8)z N'. Then there exists a fc-basis (w i,..., w n ) of such that 



for 1 < i < n and 1 < j < l. For a subset I C {1,...,/} with |/| = r, we 
define a cone by 77 = R> 0 r>i G ^^(r). Then we have 
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where p — W\ A • • • A w r . For u G M fl a fl r 1 and w G A r ~ p H^ we have 
w\r = Res (rj A wx u )- 

Next we show that W r _io;p / , A (logF>) is contained in the kernel of the 
Poincare residue map. For u G M fl <r v , we dehne a subset of {1,..., by 

J u = {j ( u,Vj ) = 0}. 

Then (tcj; | J| = q, J fl J u = 0) is a A;-basis of /\ Q H^ u . For L C {1,... ,n} 
with \L\ = r — 1, and for J C {1,..., n} with | J\ — p — r + 1 and J fl J u = 0, 
we have 

Res (u. L A «,,*“) = A ® WJ ' MXU) (L n J = 

1 ; \o (in J^0), 

where j\ is the smallest integer in J. For / C {1,...,/} with |/| = r, if 
■u G t/-, then <I) Ti (wl A Wj l ) = 0, so we have Res (wi A Wj \ u ) = 0. 

Finally we assume that 

E E apjwi ® wjx u (apj G k) 

\I\=r \ J\=p-r 

is contained in the kernel of <f>. For L C {1,..., with \L\ = r, if L C J u , 
then u G t^, hence 

o>l,j = 0 rz ,(^ = 0 . 

| J|=r 

We have 


Awj = E E A wj 

|/i=r | J|=p-r | J|=p-r 

= sgn (/ x y, a/,jW/vp} A A Wj, 

Ipu \J\=p—r 

where we take i G / \ J u for each / ^ J u . Since (J U {i}) fl J u = 0, this is 
contained in r(A a , hF r _io;p^ A (logF>)). □ 

Proposition 3.5. If n : P —> A is proper, then for any ample invertible 
sheaf £ on P, the global Poincare residue map 



H°(P, W r LUp /s (\og D) £) 


Res 


© n°( p t ,s';; a ® 0pA ;£) 

r eE^(r) 


surjective. 
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Proof. There is a E-linear support function h such that C ~ Op(D h ). We 
define a subset of E„.(l) by 

^ 7 r,u=h(l) {P ^ ^7r(l) | (u, Up) h(u p ) j", 

and define a fc-subspace of by 

H u , h = {w G M WiR | (w, 1 ® Up) = 0 for any p G E^=h(l)}. 

By Lemma 13.21 there is a natural isomorphism 


p—r 

H\P^ p F/ r s ® OF 0 P (D h ))^ 0 / \H Uih . X v , 

ueMnA,, 


where 

A h = A^ ={«6 M r | (u,u) > h(u) for any u G |E|}. 

Let r be a cone in E„-(r). There is a linear function u T G M which co¬ 
incides with h on r. Then E-linear support function h — u T induces a 
E r -linear support function h T : A t r —> R, and there is an isomorphism 
i*Op(D h _ Ur ) ~ 0 Pr (D/ lT ). Since tt is proper and h is upper convex, there is 
a natural identification 


MnA^nr 1 ~m t nA ftr . 

Since m(E) is prime to the characteristic of k, for u G M fl Ah- Ur Hr 1 , there 
is a natural identification 


H Ut h- UT — {w G (M t ) %)U | (w, 1 <g) Up) = 0 for any p G (E T ) 7rr)U=ftr (l)}. 
By the isomorphism 


Op(D h ) ~ <— X U ““ T , 

the homomorphism 

dv : r(P,^ /A (logD) ® u p p/ r A ® Op(A)) —► r(P T ,^ A ® 0 Pr (Aj) 

is given by 


p—r 


p—r 


<h r : Mrpfc /\ H u ,h • y 1 ' 

ueMnA k 


© A"». 


h—U r 


X 7 


«£MnA h _„nr J 


r] ® 


(t) T {ri)wXr u ' 

0 


(u — w T G r- 1 ), 
(u-u T fi t l ), 
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where we remark that H u h = H u _ UTih _ Ur . Since h is strictly upper convex, 
for u G MnA^Hr 1 , there exists a cone a G S such that cr(l) D 
Using this cone a, we give a fc-basis (u>i,..., w n ) of M n>T in the same way as 
the proof of Theorem 13.41 and define a vector in /\' by rj = w\ A ■ • • Auy. 
Then for w G f\ p H U) h-u r -, we have w\ u = $(77 ® wx u+Ut )- □ 

We prove a vanishing theorem of Bott type for the cohomology of the 
sheaf of relative logarithmic differential forms, that is reduced to the following 
vanishing theorem for invertible sheaves on toric varieties. The idea is same 
as p. 

Theorem 3.6 (|5j). Let P s be a toric variety, and let C be an invertible sheaf 
on P s . If the support |E| is convex, and C is generated by global sections, 
then for q > 1, 

H g ( P s ,£) = 0. 

Theorem 3.7. Let A be an affine toric variety, let P be a simplicial toric 
variety such thatm(Yi ) is prime to the characteristic of k, and let tt : P —> A 
be a proper equivariant morphism, and let C be an invertible sheaf on P. 

(1) If C is generated by global sections, then for p > r > 0 and q > p—r + 1, 

H q { P. W r ul /A {\ogD) 0 Op C) = 0. 

(2) If C is ample, then for p > r > 0 and q > 1, 

H q { P. W r ul /A {\ogD) C) = 0. 

Proof. We prove this by induction on p — r. If p — r — 0, then W p ujp , A (log D) 
is isomorphic to the free Op-module Op /\ p M^. By Theorem 13.61 we 
have H q (W p LJp /A (\ogD) ® £) = 0. 

For an integer l > 0, we assume that Theorem 13.71 is true for p — r < l. 
Then we prove Theorem 13.71 for p > r > 0 with p — r = l. By Theorem 13.41 
there is an exact sequence 

H q -\W r+1 uj p p/A (logD) 0 C) —> ® H q -\ul~ T r ^ ® i*C) 

tGStt (r*+l) 

—> H q {W r uj 1 p /A (log D) ® C) —> H q (W r+1 u p p/A (logD) ® £). 
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By the assumption for induction, we have H q {W r+ iUJp^ A (logD) 0£) = 0 for 
q > p — r, and 0 l*C ) = 0 for g > p — r + 1. Hence we have 

H q (W r u p >/A {log D) 0 £) — 0 for q > p — r + 1. 

In the case when £ is ample, by the assumption for induction, we have 
H q (W r+ iUJp^ A (log D) 0 £) = 0 for q > 1, and H q ~ 1 (Dpjj^ 1 0 t*£) = 0 for 
q> 2. By Proposition Id.51 the homomorphism 

tf°(IP r+1 c4 /A (log£>) 0 £) —> ® H Q (u p p - r /A l 0 <£) 

tES-t,- (r+1) 

is surjective. Hence we have H q (W r ujp^ A (log D) 0 £) = 0 for q > 1. □ 

Corollary 3.8. (1) If £ is generated by global sections, then for q > p + 1, 

H\ P,o£ /a 0 Op £) = 0. 

(2) If £ is ample, then for q > 1, 

H\ P,o£ /a 0 Op £) = 0. 

In the rest of this section, we prove the Euler exact sequence for the sheaf 
of relative logarithmic differential forms. Here we introduce the notion of 
logarithmically smoothness. 

Definition 3.9. If the rank of the locally free (Ppreg-modulc u>p reg / A is equal 
to dim P — dim A, then we call that n is logarithmically smooth. 

Remark 3.10. The following conditions are equivalent: 

(1) 7r is logarithmically smooth in the sense of Definition 13.01 

(2) n o j : (P reg , A/"j£ eg ) —> (A,A/" A an ) is logarithmically smooth in the sense 
of P; 

(3) 7T : (P, A/”p an ) —> (A, J\f A n ) is logarithmically smooth in the sense of £3|; 

(4) the cokerncl of 7r* : N —> N' is finite, whose order is prime to the 
characteristic of k. 

(5) tv* : M 1 —> M is injective and the order of the torsion part of the 
cokerncl of n* is prime to the characteristic of k. 
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We denote by N n the free Z-module generated by S„-(l), and denote by 
Ptt the kernel of the homomorphism 

^ —> N; ^ b p p \—► ^ b P v P • 

pES7r(l) PGE W (1) 

We identify the group of T-invariant Weil divisors on P \ E with the dual 
Z-module M n of N n by the pairing 

( y a p p p i y ^ b P p) = y ^ a P b P . 

pES^fl) pES7r(l) PEStt(I) 

Then the divisor class group Cl (P \ E) is naturally isomorphic to the cok- 
erncl of the dual homomorphism p* : M —> M n . 

Theorem 3.11. Let A be an affine toric variety, let P be a simplicial toric 
variety such that m( E) is prime to the characteristic ofk, and let n : P —> A 
be a logarithmically smooth proper equivariant morphism. Then there is an 
exact sequence of Op-modules 

0 —> dfp /A ® Op(-Pp) ^0 P <g> z Cl(P\P) —>0. 

peMi) 

Proof. We denote by N n the kernel of 7T* : N —> N'. Since tt is proper, and 
m(E) is prime to the characteristic of k , the cokernel of p : N n —> N n is 
hnite, whose order is prime to the characteristic of k. So we have an exact 
sequence of k-ve ctor spaces 

0 — >k® z P n — >k® z N 7T ^Pk® z N n —> 0. 

Since n is logarithmically smooth, we have ~ Horrij. ( k ® z N w , k). Hence 
there is an exact sequence of k- vector spaces 

0 —■> A'E.k —^ k ® z M n —> k ® z Hom z (P n , Z) —» 0, 
which induce an exact sequence of Op-modules 

0 —> uip /A (log -D) ^ 0 P <g>z a —> 0 P <g>z Cl (P \ E) —> 0. 
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The exact sequence in Theorem IT 111 is shown by the commutative diagram 
0 0 

I I 


W P/A 

I 

0—*<4 /A (log£>) 
Res | 


ho p 


© o P (-p, 
( 1 ) 

I 

Op ®z M n 

i 


>Op ©z C1(P \£)—© 


(J) i p *Op p — (J) i P *Oi 


PGStt (1) 


( 1 ) 


I I 

0 0, 

where the left vertical sequence is proved in Theorem Id.41 


□ 


4 Hypersurfaces in toric varieties 

Let A = Spec A be an affine toric variety with a torus invariant point 0, 
let P = Ps be a nonsingular toric variety, and let n : P —> A be a log¬ 
arithmically smooth proper equivariant morphism. Then we remark that 
dimP = dim E|, and 0Jp/ A = Wp reg / A = is a locally free Op-module of 
rank n = dim P — dim A. 

The homogeneous coordinate ring of P is defined in (2j as a Cl (P)-graded 
polynomial ring 

Sp = k\zp p 6 2(1)] = © S| 

/3e Cl (P) 

with 

deg z p = [P p ] G Cl (P). 

For a Tjv -invariant divisor B = b p P p , there is a natural isomorphism 

S l p ] ~ H°(P,Op(B)); Yl ^ x u - ( 4 - 1 ) 

pes(i) 
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By the A-module structure on H°(P, Op(B)) = H°(A ,7t*O p (.£?)), the ho¬ 
mogeneous coordinate ring Sp has an A-algebra structure. 

Let A" be a hypersurface in P. Then there is a TV-invariant divisor 
B = SpeE(i) b p p p such that 


[X] = [B]eCl(P). 

Using the isomorphism ED- the hypersurface X is defined by a C1(P)- 
homogeneous polynomial F, which does not depend on the choice of B mod¬ 
ulo k x . We define the Jacobian ring of X over A by 

R-x/a = p G £*-(1)), 

which is a Cl (P)-graded A-algebra. 

Remark 4.1. If A = Spec k, then P is a complete toric variety, and E^l) = 
£(1). In this case, our definition of Jacobian ring is same as [Tj. 

We denote by T x /p the ideal sheaf of X in P. and define a coherent 
Ox-module by 

u x/a = Coker (l x/ p/l 2 x/P ® —> ^ P/A U; (df \x A u)), 

where d : Op -a (Up^ A is the differential operator given by 

d : ® k - X u — ® H a , u - X u \ X u ^[l®u] X u . 

u£M n<T v u&M ntT v 

Definition 4.2. Let U be an open subset of A. If j'Vv/a I s a locally free 
0 X jj -module of rank n — 1, then we call that X is logarithmic smooth over 
U, where jp : Xp —> X denotes the open immersion U Xa X —> X. 

We define a coherent Op-module by 

^ /A (log X) = Ker (u p p/A (X) —> u p x/A <8 O p ( X)\ x ). 

If X is ample in P, then by the vanishing theorem (Corollary 14.81) . we can 
calculate the cohomology of the sheaf ^ P / A (log A"), using the following reso¬ 
lution. 
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Lemma 4.3. If X is logarithmically smooth over U , then for 0 < p < n — 2, 
the following sequence is exact on P u = U ®a P; 

o — ^)i(log.Y) — u£«(X) —, —. • • ■ 

-* -P- 1 ) A ')lv —* “'p/a ((> 1 - P)X)\x —* o. 

Proof. We have the long exact sequence, by connecting the short exact se¬ 
quence 


0 ■» T x /p /T x /-p 0 u> x/a * u; p/a\ x * u x/a * 0 

on P [/. □ 

The following is the main theorem in this paper, which describe the co¬ 
homology of the sheaf of relative logarithmic forms by using the Jacobian 
ring. 

Theorem 4.4. If X is ample and logarithmic smooth over an affine open 
subvariety U = SpecA;/ of A = Spec A, and the class [A"] E Cl (P \ E) is 
not divisible by the characteristic of k, then for 0 < p < n — 1, there is a 
natural isomorphism of Au-modules 

JP-^P^u^iQog A)) ~ Au ® A Rf /A P)X ~ D] . 

We show some lemma for the proof of Theorem 14.41 

Lemma 4.5. The following diagram is commutative; 

0P<g> z Cl(P\£)* ^ Op 

7*1 IF 

® 0 p( P p) 

peS T (l) 

where the map 7 is defined in Theorem 17 .Ill 

Proof. We denote by F = a e z e the Cl (P)-homogeneous polynomial defin¬ 
ing X, where z e is the monomial ripes(i) zCp °f degree [A] E C1(P). Let 
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<p : Cl (P \ E) —> Z be a homomorphism. Then the image of 1 (8) (p by the 

ma P (ffW(i)°7* is 

Fi rp 

Y 5Z ^([ p /J)^ aee P ze = 1] e P p d)- e - 

peS^(l) pGS^-(l) e e pGS^-(l) 

Since E^(i) e p P p] = [A"] G Cl (P \ E), this is equal to 


£<W([- X])z e = <P({X])F, 

e 

which is the image of 1 0 ip by the map F o [A"]. □ 

Lemma 4.6. The following diagram is commutative; 


© 


/ dF \ 

Upheld) 

w p/aTpJ 


a;■ 


PGSti- (1) 

'b I 

,n-l 

P/A 


p/a(^ ) 

I 


LU¬ 


LU- 


P/A 




where the map T is defined in Theorem \d.lll and 5 is defined as the restric¬ 
tion 

^p 7I —► <7l - ^p/A Wlx- 

Proof. We check this on a local affine coordinate A CT for a 6 E. There is 
a T-invariant divisor B = ^p P p such that [-£*] = P7 7 C1(P), and 

6 P = 0 for p ^ a. Let w be a /c[Mn<r v ]-basis of r(A a ,LUp, A ), and let x Up be a 
k[Mna v ]-basis of T(A ff , (7 P (—P p )). The image of wx~ Up £ -T(A, ^p/ A (P p )) 
by the map h o T is 

j Y a u(u,v p )x u ~ Up \x, 

uGMra v 

where / = E u gMno- v is the local equation of X. On the other hand, the 
image of u>x~ Up € T(A, a>p/ A (Pp)) by the map is 

j Y au (( u ’ v + b p)X U ~ Up = J^Y ° u v p)x u ~ Up + b P fx~ Up ), 

n / J 'll 


whose restriction to X is (5 o T)(u>x u p ) e T(A CT ,^p/ A (A)|x)- □ 
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Proof of Theorem\4-4\ In the case p — n — 1 , we have 


Au® a R [ x-° ] ~ Au® a S^ ~ ^ u (Pc/,^ /A (X)) ~ i/ u (P^ /A (logX)). 

We assume that 0 < p < n — 2. By Lemma 14.51 and Lemma mu we have a 
commutative diagram 

0 0 

I I 

H°(Pu, Wp /A ((n - p - 1)X)) ® Cl (P \ E)*^H°{Pu, W L A ((n - p - 1)X)) 


y[X-D] 


i 


i 


© H°(P U} ^ /A ((n-p-l)X + P p )) ^ H°(P u ,u- /A ((n-p)X)) 

PGS7T (1) 

I I 

^ H°(P u ,u;^ /A ((n-p)X)\ x ) 

i i 

0 0 , 


H°(Pu, — p — 1)W)) 


where the exactness of the left vertical sequence is shown by Theorem Id. Ill 
By Lemma 14.31 arid the vanishing theorem (Corollary 13.81) . the cohomology 
group H n ~ p ~ l (Pu, (Up^ A (logX)) appear in the cokernel of the map a 3 . Since 

the cokernel of the map «2 is Ay R^x'/a^ D \ we have to show that the 
map a.\ is surjective, ft follows from the assumption that the class [X] G 
Cl (P \ E) is not divisible by the characteristic of k. □ 

Using Theorem 14.41 we have a description for the cohomology of relative 
logarithmic forms on A". 


Corollary 4.7. (1) For 0 < p < Ap, 

Au ® A R [ ^ /a p)X ~ D] ^ H n - p -\X v ,u p x/A ), 


and for p = 


n —2 
2 ? 


there is an exact sequence 


H 2 (P[/, U 


p/a) 


4-1n 


Au ® A Rf,T )X D] — H^{Xu,ul /A ) —► 0 . 
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(2) If A is nonsingular, and O p (—E) is generated by global sections, then 
for | < p < n — 1, 

Au ®A R% a p)X ~ D] - 

and for p = there is an exact sequence 


0 —> A v ® A '—■» H 2 (Xi/,u x 2 / A ) —■> H 2 (Pu,u} p ^ A j. 


_ n +1 H±1 


Proof. This is proved by the exact sequence 


0 


ux- 




P/A' 


u;■ 


X/A 


and the vanishing theorem (Corollary IM.HI and the next proposition). □ 

Proposition 4.8. Let A = A m be an affine space, let P be a nonsingular 
toric variety, let n : P —> A be a logarithmically smooth proper equivariant 
morphism, and let C be an invertible sheaf on P. If'Hom 0p (jC,Op(—E)) is 
generated by global sections, then for 0 < q < p — 1, 

H q { P,a£ /A <8>o P £) = 0. 

Proof. We define a locally free Op-module by T = Hom 0p (C,Ljj'^ A {—E)). 
By the duality theorem [S] for the morphism 7r, there is an isomorphism 

Ext^ (T, 7T '-QD ~ Ext^ A (Rtt^, QX). 

Since 7rh? A ~ O p (—D — E) and f2 A ~ O a , we have 

Ext^* (X, Wp /A (—E)) ~ Ext^ A (Rtt^, O a ). 

There is a spectral sequence 

E? = Ext^ A (Br 3 x,E, O a ) => Extg' (Rtt*^, O a ). 

By Corollary Id.81 we have Ef 3 = 0 for — j > n — p + 1. Hence 

R 9 (P, cnp /A ® £) ~ ExtQ p (F,u;$ /a (-E)) ~ Ext^ (Rtt^, O a ) = 0 

for n q > n — p + 1. □ 
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